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Abstract 

We study twisted K-theory on a product space T x M. The twisting is given by a cup 
product class which applies the 1-cohomology of T and 2-cohomology of M. In the case of a 
topological product, we give a concrete realization of the gerbe transition functions associated 
to the cup product characteristic class and for twisted K 1 -theory elements. The nontriviality 
of this construction is proved. We also study equivariant twisted K-theory and gerbes in the 
case a smooth group action on a manifold. The twisting comes from a product class. By 
applying groupoid-Cech hypercohomology of an action groupoid we find explicit realization 
for the equivariant gerbes and twisted A' 1 -elements. Moreover, we develop a superconnection 
formalism in equivariant cohomology which is used to extract information of the twisted K- 
theory classes. 

MSC: 19L50, 53C08, 22A22. 

1 Introduction 

In the first part of this series we gave a concrete realization for elements of a iv^-groups twisted by 
a gerbe on a product manifold T x Af. The twisting class decomposes as a j3 G H 3 (T x M), for 
a G iJ 1 (T) and j3 G H 2 (M). We used Hamiltonian quantization to produce gerbes associated to 
these classes: quantization leads to a projective bundle of Hilbert spaces whose characteristic class 
is the three form part of the local if Mndex theory on the parameter space of a Dirac family. The 
K-theory classes twisted by these gerbes were given explicitly using quantum field theory in the 
same spirit Wess-Zumino-Witten model has been used in the construction of equivariant twisted 
K-theory classes on a Lie group [15] . 

A gerbe associated to the decomposable class has a simple topological realization. There is a 
bundle of Fock Hilbert spaces over T x M. The Fock space has a basis which can be decomposed 
into different charge subspaces labeled by Z. We fix a line bundle A associated to a nontrivial class 
in H 2 (M,Z). Then we make the Fock states of charge k G Z topologically equivalent to A® fe over 
the manifold M. Moreover, we make the translations over the circle T change the charge of each 
state. Consequently there are transition functions valued in PU(H) associated to the creation and 
annihilation processes of the bundle of topological type A over M . In this case, the Dixmier-Douady 
(DD) class is the product class. 

In [TT] we used techniques from differential geometry to study the characteristic class of the 
gerbes as well as twisted if-theory group elements. These techniques involve the local families 
index theorem and superconnection techniques. Here we raise the issue of how to extend this 
formalism to the topological framework: the setup itself is still well defined on the topological 
product space T x X. The main problems are to prove the nontriviality of the gerbe and to find 
the precise twisted K 1 -theory class of the construction. The characteristic class of the gerbe is 
solved completely. The twisted if 1 -group elements are proven to be nontrivial. 

We return to the smooth setup in the study of equivariant gerbes and equivariant twisted K- 
theory on a smooth manifold T x M. Our strategy to construct gerbes is to replace the twisting line 
bundles in the Fock bundle model with equivariant line bundles on M. The G action on T is chosen 
to be trivial. Here we work under the hypothesis that there is a cover which is invariant under 
the group action and the components of the cover are contractiblc to a finite number of points. 



We use the Lie groupoid formalism which is flexible enough to allow lots of generalizations of this 
type. In this case we can give explicit formulas for the equivariant Pf/("H)-transition functions as 
well as DD class for the gerbe in terms of cocycles in groupoid cohomology. The DD class of the 
gerbe is the cup product class a ^ (3c where a is a 1-cohomology class associated to the trivial 
G-module structure in T whereas fie is a cocycle of a G-equivariant complex line bundle. 

We define twisted if 1 -group elements as certain sections of a bundle of self adjoint Fredholm 
operators associated to the gerbe which are invariant under the group action. As in [llj the 
Mayer- Vietoris sequence is used to study the structure of these groups. We also define an equivari- 
ant superconnection in the twisted equivariant i^-group which is mapped to the quotient of the 
equivariant cohomology iJg, dd (T x M) by an ideal generated by the wedge product of the super- 
connection form and the connection form of the equivariant twisting line bundle A. This allows us 
to compare different equivariant classes. 

As an example of equivariant gerbes and equivariant twisted K-theory we consider the action 
of the circle group T on the sphere S 2 which rotates the sphere around its axis. There are two 
fixed points: the poles. Consequently, there are nontrivial T-equivariant line bundles parametrized 
by irreducible representations of T on the northern and the southern hemisphere. Such a line 
bundle is used to construct a T-equivariant gerbe. The ordinary K-theory group Kj(T x M) is 
a sum of representation rings of T constrained by the common virtual dimension. The twisted 
-/^-groups are defined similarly but the generators of the representation rings are truncated by the 
representations on the fibres of A. Silimar phenomenon occurs in twisted equivariant K-theory on 
Lie groups which was studied by Freed-Hopkins-Teleman, [8], [9]. We apply the superconnection 
analysis to study these groups. 

By experiments it is usual that twising in K-theory produce torsion subgroups if the ordinary 
K-theory groups are torsion free. For example, in [TT] we observed this in the case of T 3 and 
T x S 2 . More examples can be found in [3]. Twisted K-theory of the simple Lie groups is all 
torsion [7]. Here we observe a phenomenon contrary to this one. The ordinary K 1 -groups of 
T x RP 2n have torsion subgroups. However, after twisting by a product class in the 3-cohomology 
of T x M.P 2n the torsion subgroups vanish. Our Fredholm operator model gives a satisfactory 
explanation of this. Furhermore, we observe that the superconnection defines an isomorphism of 
groups if x (T x RP 2n ,a — ft) ->■ H^ n {T x RP 2n ,Z) which in noninjective when defined in the 
ordinary K-theory. 

Conventions. W denotes an infinite dimensional complex Hilbert space. The group U(H) is 
equipped with the strong operator topology and it is contractible. The symbols T and PU (%) 
denote the sheaves of T and PU(W) valued functions. In chapter 2. when we consider topological 
spaces these functions are supposed to be continuous and smooth in the rest of the work. 

Denote by Fred*- -' and Fred*- 1 -' the usual classifying spaces of K-theory: the space of bounded 
Fredholm operators and the space of bounded self-adjoint Fredholm operators with both positive 
and negative essenstial spectrum, both equipped with the norm topology. In this work we are 
only interested in unbounded self-adjoint operators. Let denote the map Q M> Q(l + Q 2 )~ x / 2 . 
Then we set Fred^ = , J ,_1 (Fred^ 1 - ) ). The space Fred^ equipped with a topology induced by 
is homotopy equivalent to Fred*- 1 -', [12]. Therefore, we can use unbounded Fredholm operators 
to classify (twisted) K-theory. If Y is a compact topological space and a e H 3 (Y, Z), it defines 
a P/7("W)-bundle and there is an associated bundle of Fred*- 1 ' operators, i = 0, 1. The action of 
PU(T-L) on Fred'- 4 -' is by conjugation. Then K*(Y, a) is by definition the space of homotopy classes 
of sections of the Fredholm bundle. In the case i = 1 we can replace Fred*- 1 -* by Fred^. In the 
groupoid context in chapter 3 and beyond we introduce generalized twisted K-theory groups. 

2 Twisted K-Theory of Topological Products T x X 

2.1. Let % be an infinite dimensional complex Hilbert space with a polarization % = % + ® TiT . 
A canonical anti commutation relations algebra, CAR, is a unital C*-algebra generated by a(f) : 
/ G H such that a : H —> CAR is an antilinear map and CAR is subject to 

{a(u), a(v)} = and {a(u), a(v)*} — (u, v)l, 
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for all u,v £ H. A Fock space J 7 is a Hilbert space with a vacuum vector |0) and CAR acts on the 
vacuum by a(u)\0) = = a*(v)\0) for u € W + ,v € and such that the basis of T consists of 

a(ujj • • • a(u ik )a* (u n ) ■ ■ ■ a*(tty,)|0) for u ifl e %~ , Uj v € % + ■ (1) 

This representation of CAR is irreducible. The basis vectors of this type are eigenvectors for the 
densely defined charge operator N, the eigenvalue ofjjl]) being I — k. Then we can write the Fock 
space as a completion of the charge subspaces T = • The operator S denotes the shift 

operator which sends J 7 ^' to J^+i) for all k € Z. We refer to [18] for a careful introduction of 
these matters. 

The Hilbert space vectors are labeled so that T-L + has the basis {ut : i > 0} and H~ has the 
basis {ui : i < 0}. 

Consider a compact topological space X and a nontrivial complex line bundle A on A. Let 
{Vi : i = 1 < i < n} be a. cover of X which trivializes A with respect to the transition functions 
hij : Vij — > T. For T we choose a cover {T + ,T_} such that T + n T_ consist of two disconnected 
arcs: neighborhoods of —1 and 1. We denote these subsets by T+l^. Then we set an open cover 
{Ui : 1 < i < 2n} for T x X such that 

Ui = T+ x V t and U i+n = T_ x Vi for all 1 < % < n. (2) 

We will construct a projective Fock bundle over T x X with a typical fibre VT = F/T. We 
introduce transformations which raise (lower) the charges of the Fock states by one whenever we 
go around the circle in the positive (negative) direction. This can be achieved as follows. We define 
the local families S : Ui.j+ n — > PU{T-L) which raise the charge of the state. These operations are 
defined to be independent of (<j),p) € Uij +n - They are valued in PU(H) since restricted to each 
fibre, S creates a state from the vacuum: 

S\0) = a*(u )\0), 

but we need to choose an orthonormal basis vector uq from the subspace it spans. These operators 
act on the CAR algebra under conjugations by 

S , a(u fc )5 _1 = a(u k+1 ) 

for all k G Z and similarly for a*{u}~). We can fix a basis vector u and introduce lifted local 
families S : Uij +n — > U(H). 

We make the charge k states in the lifted Fock bundle to be of topological type \® k over X. 
Thus, we define the cocycle in g € H l (J x M,PU(H)) by 



9ij( 


<t>,P) 


= (hij(p)) N , 


H+n,j+n ( 


4>,p) 


= (h l+ n^+n(p)) N 


9i,j+n(- 


4>,p) 


= {h l . J+n {p)) N 


9j+n,i(- 


<t>,p) 


= (h j+n ,i( P )) N 


9iJ+ n (: 


4>,p) 


= (h^ +n (p)) N S 


9j+n,i(- 


<t>,p) 


=s- i (h j+nii (p)y 



The upper index (±1) means that the cocycle is defined in the neighborhood of ±1 in T. The 
canonical lift of this cocycle has exactly the properties discussed above. We denote by PF the 
projective Fock bundle determined by g. 

For the lifted functions, the gerbe cocycle relation reads 

fabc(<f>,p) = g a b(<P,p)gbc((f>,p)gac(<l>,py 1 - 

for all 1 < a,b,c < 2n. In [TT] we found out that the Dixmier-Douady cocycle is equal to the 
totally antisymmetric cocycle whose nonidentity components are determined by 

f$ + n,k + n(<f>>P) = ( h Mr 1 (3) 
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for 1 < i,j,k < n. This is a consequence of the relation SN = (N — 1)5 applied to the lifted 
transition functions. 

Proposition. The Dixmier-Douady class of PF is equal to the cup product a := a -—^ (3 where 
a is a generator of the group 7J 1 (T) and j3 is the cohomology class of the twisting line bundle A. 

Proof. This can be proven by following the lines of the Proposition in 3.5. below in the case of 
a trivial group G = {1}. □ 

We introduce another dependence on the topology of X by introducing an arbitrary rank com- 
plex vector bundle £ over X and then define PF^ to be the projective bundle P(F ® £). Without 
loss of generality, we can assume that both bundles A and £ are trivialized over f/j. Namely, we 
can always take refinements of the cover to make this happen. The shift operator S acts on this 
bundle by S S3 1. This does not have effect on the DD class. 

2.2. Here we recall the construction of twisted if 1 -groups from 11! which can be applied in the 
topological setup straightforwardly. We consider a real Clifford *-algebra generated by ij) n ,n £ Z 
and subject to 

{lpn,1pm} = 2<S n ,-m, ^P* n = 1p-n- 

We set a vacuum representation, % s , for the Clifford algebra such that ipo acts on the vacuum 
by ipoVo = ??o- The operators tpi with i < annihilate the vacuum subspace whereas ipi with 
i > are used to generate the basis of the module. Then we define trivial Hilbert bundles 
Ui x (H s <8> T ® C r ) for each 1 < i < 2n where r is the rank of £. The local self-adjoint families 
Q l : Ui -> Fred^ {H s ® T ® C r ) are defined by 

= E Vfe <^ e_ n + ^ Vo O 1) (8 1. 

We call Q a supercharge since restricted on T it defines a supercharge operator in a Wess-Zumino- 
Witten model. We have used the operators e„ which determine a representaion of the centrally 
extended Lie algebra of the loop group LT on JF by 

e„ = ^2 '■ a* (u n+i )a(ui) : with [e„,e m ] = -2nc5„_ m . 
iez 

The usual normal ordering :: is applied to make these operators well defined in the Fock space, 
: a*(ui)a(uj) :— —a(uj)a*(Ui) if i = j < and the order is unchanged otherwise. Q is a family 
of unbounded operators. Then the PU (%) -valued cocycle 3 acts on the local families Q l by 
conjugation according to 

Therefore, Q l are patched together by an adjoint action of the PU(H) valued Cech 1-cocycle cor- 
responding to the Dixmier-Douady class a. Then it follows, by definition, that these families are 
group elements in K 1 ^ x X, cr). The twisted K-theory group X 1 (T x X, a) for a topological space 
X can be solved using the Mayer- Vietoris sequences as we did in [TT], see theorem 2. The theorem 
can be used in the topological setup without modifications. Alternatively, the calculation in 3.6. 
does not require smoothness and can be applied here in the case of a trivial group G = {1}. 

2.3. Next we study conditions for the nontriviality of a twisted if 1 -group element. Let Y 
denote a compact topological space with nontrivial 3-cohomology. Let a e H 3 ( Y, Z) which we 
realize as a projective Hilbert bundle PH„ which trivializes over a finite cover {Ui}. Here Y and 
cr are arbitrary, not necessarily a product space or a product class as avove. Denote by g the 
transition functions of the projective bundle and by g the lifted transition functions. 

Consider Q € K 1 (Y,a) realized as local families of unbounded operators Q l : Ui — > Fred^ 1 ' 
acting on local Hilbert bundles over Ui. Let us denote by the (a, 6)-spectral subspaces of Ql. 
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in the fibre %i :X of the local Hubert bundle over t/j. On Uij ^ these spectral subspaces transform 
as gijHj^x = ^4»^- However, there is no globally defined Hilbert bundle over Y. A cr-twisted 
spectral section P of Q is locally defined families of projection operators, P l : U{ — > Fred^ which 
transform equivariantly under the conjugation action of g^, that is, P is a section in the Fredj^ - 
bundle associated to a and for some positive real number R > (depends on P) and every i and 

xeUi 

i* = l in nQ°°\ (4) 

/■; in ". 

The proof of the following theorem applies the ideas of the corresponding result in [14] in the 
ordinary K-theory. 

Theorem. Suppose that the local families Q % : Ui — » Fred^ define a class in K 1 (Y 1 a) and 

there is a neighborhood of zero (—a, a) C E so that the spectral subspaces 7^ :r ' ' ) are finite di- 
mensional for all i and x € Ui. Then Q has a spectral section if and only if Q is trivial in the group 
K\Y,a). 

Proof. The condition [Q] = in the twisted U^-group realized by local families of Fred<p - 
valued sections is equivalent to [Q(Q 2 + l) -1 / 2 ] = in the isomorphic twisted -K^-group realized 
by local families of Fred ^ -valued sections. 

Assume that the spectral section exists. Then we define the local families (Q'Y : Ui — > Fred' 1 ) 

(Q'Y = - Ql - P l - Ql P i - (1 - P l ) - Ql : (1 - P % ). 

V(Q 4 ) 2 + i \fW? + 1 VOT + i 

The operators (Q'Y patch together to define a section in the a twisted Fredholm bundle because 
P % and Q 1 do. For each % and x € E/i, (Q')a; restricts to a finite rank operator on the (—R,R) 
spectral subspace and therefore Q' is a section of finite rank operators. Then, in norm topology 
we have the equality of homotopy classes [Q(Q 2 + l) -1 / 2 — Q'] = [Q{Q 2 + l) -1 / 2 ]. The section 
Q(Q 2 + 1)~ 1//2 — Q' is homotopic to the section Q" which is locally defined by 

(Q"Y = P l , ,P l + (1 - P l ) ~* =(1 - P l ) 

V(Q i ) 2 + i WF+i 

for any r £ K. For large enough r, the first term is strictly positive whereas the second term is 
strictly negative. Thus, there is an inverse section (Q")" 1 of Q" . Then [Q"] = and therefore 

[Q(Q2 + l)-l/2] = 0. 

We use the following lemmas to prove the converse statement. 

Lemma [14 . Let A be a bounded self-adjoint operator on T~L such that A 2 — A is of fi- 
nite rank. Assume that there is a self-adjoint projection P such that \\A — P\\ < 1/2. Then 
A : Im(P) — > Im(^4P) is an isomorphism onto a closed subspace and if n denotes the orthonormal 
projection onto Im(AP), then A — H has a finite rank. 

Lemma. Let B be a section of a Fred' 1 ' bundle twisted by a. If Uij ^ and P l and P J are 
projections onto Im(B l ) and lm(B : '), then gijP J (<?ij) _1 — P l and thus P is a section. 

Proof. Let v 6 lm(B). Then = B l Wi for some locally defined section w of the Hilbert bundle. 
If U i:j ^ 0, then 

dijPHgij^Vi = g ij P : '(g l jy 1 B l Wi = IS'ir, = g^B^Wj = B l w t = v t . 
Suppose then that Ui(x) Im(J3;J,) for some x G Ui. Then P%.Ui(x) = 0. If 

g^J(x)P^(glJ(x)y 1 u i (x) = i/, , i u f o. 
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Then Uj(x) = B 3 x Wj(x) + w'j(x) where Wj{x) ^ and w'j(x) £ lm(B 3 x ). Now 
Ui(x) = gij{x){B 3 x w (x) + w'^x)) — B l {x)wi(x) + w'^x) 
where w'^x) ^ lm(B x ). Consequently P x Ui(x) ^ 0. This is a contradiction. 

Assume that Q is trivial in K-theory. Then we can set a homotopy Q(t) between a locally 
constant section of invertible Fredholm operators, Q(0), and Q = Q(l) through sections in the a 
twisted Fredholm bundle. We can set Q(0) so that there are no eigenvalues in some arbitrarily small 
inverval (0,e). Moreover, we choose the homotopy so that there are only finitely many eigenstates 
with eigenvalue in (0, e) for any Q l x {t) with t g [0, 1]. 

We define a continuous function x € C(R) such that x(A) = for A < and x(A) = 1 for A > e 
and apply the spectral theorem to define 

J l (t) = X (Q\t)), tel:=[0,l]. 

Then J(0) is a locally constant section of projection operators and J(l) satisfies the condition Q 
for R — e but it may not be projection section, however (J(l)) 2 — J(l) is a finite rank section. 

We divide the interval [0,1] to subintervals [f,t"] on which \\J x {t') - J x {s)\\ < 1/2 for all 
s G [i', t"]. We proceed inductively by proving that if the lower limit in the interval has a projection 
section, P(t'), such that J(t') — P(t') is a finite rank section, then such a section exists for any 
lvalue in this interval. At t = the projection section exists. Consider s 6 and define 

a section A x (s) = J x (s) + P l x {t') - J l x {t'). These operators satisfy \\A x (s) - P*(t')\\ < 1/2 and 
(A x (s)) 2 — A x (s) is a finite rank operator for all i and x € Ui. By the first lemma above, the 
orthogonal projection P x (s) onto the subspace lm(A x (s)P x (t')) in the fibre at x of the local Hilbert 
bundle over Ui differs from A x (s) and thus from J x (s) by a finite rank operator. By the second 
lemma, the projection families defined this way patch together to form a section. Thus, t H t P{t) 
defines a homotopy of projection sections and J(t) — P(t) is a finite rank section for all t € [0, 1]. 

Consider the decomposition of the fibres of the local bundles Hi into the eigenspaces of Q l . 
Then J(l) is viewed as local families of diagonal operators. Next we define new local families (P'Y 
by modifying -P l (l) so that J(l) — P' restricts to an operator which is nonzero in a finite span 
of eigenvectors of Q everywhere. This can be done as follows. Let J(l) — P(l) = C. Then we 
continuously truncate the eigenspace expansion of C to make it a section in the tr-twisted Fredholm 
bundle such that (C') x restricts to an operator on a finite span of Q l eigenvectors for each x € X. 
Let (P'Y be the projection onto the image of 

(p 4 (i) + (c l - {Cy)p\i) = (j l (i) - (c'y)(,p(i) - c l ) 

for all i. The left side of this equation proves that J 4 (l) — (P'Y restricts to a finite rank operator 
everywhere. The image of the local section on the right side is easily seen to differ from the image 
of J*(l) by a finite span of eigenvectors of Q % everywhere. The section P' is a twisted spectral 
section: we can pick R which is greater than any of the eigenvalues of Q in the image J(l) — P' , 
and greater than e. □ 

Corollary. The local families of supercharge operators on T x X (introduced in 2.2.) define a 
nontrivial element in K 1 ^ x X, a). 

Proof. The families Q % : Ui — > Fred^' do not have a spectral section because of the spectral 
flow around the unit circle. □ 

3 Twisted K-theory of Action Groupoids 

3.1. We return to the smooth setup: M is a compact smooth manifold. In addition we assume 
that there is a smooth action of a compact Lie group G on M and that there is a G-invariant cover 
{Vi : 1 < i < n} of M such that the Cech cohomology groups H k (\\ i V^,T) are equal to zero for 
all k > 0. This is the case, for example, if each component Vi is a contractible set. We follow the 
notation of 2.1. and set a cover {Ui : 1 < i < 2n} for T x M. We apply a trivial G action on T 
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and therefore, the cover {Ui} is G-invariant and the Cech cohomology groups H (IL Ui,T) vanish 
for all k > 0. 

We apply the theory of Lie groupoids to construct a G-equivariant gerbe. The action groupoid 
G x T x M =4 T x M is Morita equivalent to the groupoid JJ. . G x E/y =4 JJ» We return to 
this in 3.3. Then we can apply the groupoid cohomology to the latter groupoid and our analysis 
determines explicitly the roles of transformations between different components of the cover and 
group actions in the cohomology class of the gerbe. 

3.2. Let r =4 X denote a compact Lie groupoid. For each p > 1 let denote the manifold 
of composable sequences of arrows. We also use r<M = X. We have p + 1 maps 

d t : Y {p) -> T {p - 1) for < i < p 

such that do leaves out the first arrow, d p leaves out the last arrow and the rest of di compose the 
i'th and i + l'th arrow. Then we set d : T^" 1 ' by d = £^-1)'^. 

Let F denote an abelian sheaf in the category of smooth manifolds and F p a small sheaf 
induced by F on F^ p '. Then we choose injective resolutions F p — > I pm . This defines a double 
complex 7*(r") whose total cohomology groups, H k (T*,F), are the cohomology groups of the 
groupoids with values in the abelian sheaf F. This theory is Morita invariant [2], [20] . 

We can also use the de Rham complex in the case of coefficients in R. The exterior derivative 
defines a map d : A fc (F^ p ^) — > A k+1 (T^) . We can use this with the coboundary operator d* : 
A fe (F^) — > A k (r( p+1 ' > ) to construct a double complex. The total cohomology of this complex is 
the de Rham cohomology of T', we write iJj R (r*) = H k (A'(T')). The de Rham theorem is still 
valid in the form 

H k R (V)^H k (V,R). 

We call a cocycle in de Rham theory an integral cocycle, if it maps under the isomorphism into 
the image of the canonical map H k (T',Z) -> H k {T',R). 

We are interested in the cohomology groups H 2 (T*,T) and H 3 (T*,Z). We also point out 
the existence of the cohomology group H 1 (T* , PU ' {%)) ■ We only consider compact groupoids (and 
therefore proper) and consequently the group homomorphism H 2 (F* , T) — > H 3 (T* , Z) , constructed 
from the standard exact sequence of groups 

0->Z->R->T->l, 

is an isomorphism. The group homomorphism H (T', PU (9i)) — > H 2 (T* ,T), constructed from the 
central extension T — > U(H) —> PU(H), is not an isomorphism in general. However, there is a 
canonical left inverse, [2"0] . 

A T-central extension of a groupoid F =$ X is a groupoid r =4 X together with a groupoid 
morphism 

(Tr.id) : (f =tX) -> (T=4 X) 

such that there is a left T action on T making it : T —> T a (left) principal T-bundle. These two 
structures are required to satisfy the compatibibilty 

(fj, ■ x)(ji' ■ y) = lip! ■ (xy) 

for all (x,y) € and /x, /i' € T. In [2Q| the elements of Ext(F, T), the Morita equivalence classes 
of T extensions of T, were identified with isomorphism classes of T-gerbes over the stack associated 
to r. The set Ext(r, T) can be equipped with a structure of an abelian group. Then the group 
Ext(r,T) is isomorphic to H 2 (T',T)- We shall not need the notion of an gerbe over a stack or 
Morita equivalence in this work and we refer to [2], [20] for details. In our case, the twisting classes 
arise naturally from equivariant PU (H)-hund\es. Therefore, we are given a 7f 1 (F*, PU_(H)) cocycle 
which determines a H 2 (r* , T) cocycle. This is then related to the decomposable class a - /3 under 
the isomorphism onto H 3 (T',Z). 

In [50] the group of twistings of the K-theory is taken to be H 2 (T*, T) or equivalently H 3 (T', Z). 
Then the canonical left inverse is applied to get a cocycle in H 1 (F* , PU(H)) . As noted above, we 
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don't need to worry about this ambiguity. Associated to a cocycle g € H 1 (T* , PU(H)) there is a 
principal PU(H) bundle P — > X over the groupoid r =S X. Then there is an associated bundle 

Fred (i} (g) := P x Pum Fred {i) ->■ X 

for i = 0, 1. The action of PU(H) on Fred (i) is by conjugation. We denote by ^ l ^(g) the space of 
continuous T-invariant sections of the bundle Fred^(g). The twisted K-theory is defined by 

K\T',g) = {[Q}:QeE^(g)} (5) 

for i — 0, 1 where [Q] denotes the homotopy class of Q. We consider unbounded operators and 
therefore, we can replace the space Fred 1 - 1 ' by a homotopy equivalent space Fred^ in the defini- 
tion 

3.3. Let G be a compact Lie group which acts smoothly on M . We work under the assumptions 
of 3.1. for the cover {V t } of M and {U,} ofTxM. 

Consider the Lie groupoid T :— JJ^ G x C/y =4 IJi ^ with s(g, ary) = £j and t(g, Xij) = gxi. 
The multiplication of composable pairs is defined by 

(g,(hx)ij)(h,Xjk) = (gh,x lk ). 

The groupoid T is Morita equivalent to the action groupoid G x (T x M). Especially, the coho- 
mology group H*(T*,Z) is isomorphic to the equivariant cohomology groups Hq(T x M). Since 
M is compact, the equivariant cohomology can be computed with the Cartan or Weyl model. 
Equivalently, we can use the groupoid cohomology of the Morita equivalent groupoid T. 

Let us fix a sheaf of abclian groups F. Recall that when X is a manifold, the sheaf cohomology 
of a compact space X associated to an injective resolution is isomorphic to a Cech cohomology 
computed from an open cover {Ni} of X which is acyclic for the sheaf F. More precisely, the Cech 
cohomology groups H k (Ni 1 ...i.,F) are trivial for all k > and for any intersection A^...,. of the 
components of {Ni}. 

We can fix a good open cover {N^ p) } for each manifold T&) with p > 0. These covers are 
acyclic for any sheaf of abelian groups. We consider the sheaf T. The cover with only one open 
set jV(°) — L(°) makes the Cech resolution of acyclic. Then the groupoid double complex is 
equivalent to the Cech hypercohomology complex associated to the chosen resolution 



A 

s 

c°° (r (0) , T) — ^ u ab c°° W£ . V — - U ab c°° (N$ , T) 

A 

6 

C°° (T<°) , T) n Q c °° ( N * ] > T ) > n a C°° (N^ 2) , T) 



(6) 



The horizontal lines are induced from the isomorphisms to the injective resolution and the choice 
is not unique. However, the cohomology groups associated to different choices are isomorphic. The 
group Hq(T*, T) classifies the G-equivariant complex line bundles on T x M. Then a G-equivariant 
complex line bundle \q is determined by a cocycle with components /io,i and h%fl in the double 
complex but the only nonidentity component is /iq,i <E Yl a C°°(Na 1 \f). Since S(h 0t i) = 1 we can 
consider ho t i as a sequence of functions hij : T'- 1 '' — > T. Then the cocycle relation can be written 
by d* (h) = which means 

h ij (g,hx)h :jk (h,x) = h ik (gh,x). 

The cocycle determines a G-equivariant complex line bundle by letting G act over each C/y 
so that (xj,v) i y ((gx)i, hij(g, x)v) where (xj,v) is written in the trivialization over Uj and 
((gx)i, hij{g, x)v) over Ui. The symmetric components ha define the group action on the fibres on 
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C/j. Associativity of the product is exactly the cocycle condition d*(h) = 0. 



3.4. Next we define the Fock bundle over TxMin the spirit of [TT] or 2.1. The twisting is now 
determined by the G-equivariant line bundle Ag on M. We denote by h € if 1 (r , ,T) a cohomology 
class of a G-equivariant line bundle Ag constructed as in 3.3. 

We define the operators S and N acting on the projective Fock space as in 2.1. Again, S is 
naturally defined up to fixing of a basis and therefore it is naturally defined as a PU (H) operator. 
Then we define a projective Fock bundle associated to the cocycle g £ H l (Y* , PU W)) with the 
nonidentity components defined by 



Ji+n,j-\-n 



9ij(g,x 



9j+n,i(9,X 

(1) I 

9i,j+n\9i x 
9j+n,i(9> x 



= (hij(g,x)) N , 

= (K+n,j+n(g, x)) 1 

= (hi,j +n (g,x)) N 

= (hj+ n ,i(9, x )) N 
= (hij+n(g,x)) N S 

= s~ l ( h :j+n,i{gi x )) N 



for all 1 < i, j < n. Here we denote (g, x) £ G x (T x M). The translation around the circle in the 
positive direction adds the charge by one and the translation in the negative direction subtract the 
charge by one. In local coordinates the action of G reads 

(x b , i y ((gx) a , g ab {g, x)V) for 1 < a, b, < 2n 

if (xj,,^) is evaluated in the trivialization over £4 and {(gx) a ,'gi )a (g 1 x)ty) in the trivialization over 
U a and ^ is a vector in the Fock space. 

We denote by 'gab G H 1 ^' ,U_(H)) the lifted transition functions. The lifted transitions act 
on the Fock states over M so that each charge k subbundle restricted on M has a strcuture of 
a G-equivariant vector bundle of type A^ fc . Over T x M there is a G-equivariant gerbe. The 
Dixmicr-Douady class / £ H 2 (T* , T) is determined by the equations 

fijk(g, hx, h, x) = g tJ (g, hx)g jk (h, x)(g ik (gh, x))^ 1 

for the lifted transition functions. Its nonidentity components are 

fj+n,i,k+n(g> hx > h ' X ) = ( h 3+n,k+n(gK x))' 

fj+ ntk+n>i (g, hx, h,x) = (h j+n<k+n (g, hx))- 1 , 



for 1 < i,j,k < n. 



3.5. Let /3g denote the cocycle in H 2 (T',Z) which maps to h £ iJ 1 (r*,T) by the usual 
isomorphism and h determines the transtion functions of the G-equivariant bundle Ag- Define 
a £ i/^r'jZ) to be the groupoid cocycle with the nonzero components 

a t]+n (9,x) = l and (9, %) = ~ 1 

for all 1 < i,j < n and (g,x) £ T. At this level we can view a and /?g as groupoid de Rham 
cocycles. There is a cup product in i^ R (r* ,Z), [2]. 

Proposition. The DD class / £ H 2 (T',Z) is equivalent to the image of the cup product 
a ^ Pg under the usual group isomorphism H 3 (T',Z) —> H 2 (T',T). 
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Proof. Denote by h' € H 1 (T* , iK) the cohomology class such that i^d* (h 1 ) = (3q and exp(h') = 
h. The noniclcntity components ofa^ (3g are 

( a ^ l 3 )l 1 Lnki(93,92gix,g2,9ix,gi,x) = —(d*h')f^ k ,(32, g x x, g u x) 
and 

(a — P)f} njkl {g ?n g2gix,g2,gix,gi : x) = --~-(d*ti)f k \(g 2) gix,gi,x) 

for 1 < i,j < n and 1 < k, I < 2n. The cup product a ^ (3q is equal to j^i(d*t) where 
t £ H 2 (r* , iffi.) is the cocycle with the nonzero components 

*li+n,fc(S2, gix,gi,x) = -{h')f k \gi,x) and 

ti+nd,ki^9i x ,gi,x) = (ti)f k \gi,x) 

for 1 < i,j < n and 1 < k < In. The image of the cup product in the standard isomorphism 
iJ 3 (rVZ) -> H 2 (T',T) is the exponential cocycle of t. 

We introduce another cochain, d € C 1 (r , ,T) whose nonzero components are 

4+n,j(9,x) = h i+n ,j(g,x) 
for all 1 < i, j < n. Then one checks that 

f = d*(d)exp(t) 
It follows that / is equal to a - fie in cohomology. □ 

It follows that the DD-class is nontrivial since it can be realized as a cup product of two non- 
trivial cocycles which are localized on different manifolds. Moreover, we note that if we cut the 
circle T, then the DD-class becomes trivial since the one cohomology class trivializes. 

3.6. Consider the G-equivariant projective Fock bundle PF associated to the transition cocycle 
g E H l (T',PU(H)) which is constructed as in 3.4. Again we fix a G-equivariant complex vector 
bundle £g on M and then define the projective bundle P(F <g> £ G ). We can assume that Xq and 
£g are trivialized over the Ui. 

Following 2.2. we also define the spinor modules, T-L s . Then there are trivial Hilbert bundles 
U a x (J-(3Hs(3C r ) where r is the rank of £g- Then we define the local families Q a : U a Fred^ 

by 

Q(M = (52 1 Pn®e n + ^Vo ® 1) ® 1, 

The operators e„ are defined as in 2.1. It follows from the invariance of the cover that 
g a b(g, x)Q b ^ p (g ab (g^ 1 , gx))- 1 = Q%- 2 ^, ap = Qg^^p)- 

for all (4>,p) = x € U a b x M and g G G. Therefore, Q is a G-invariant section of a Fred^-bundle 
which is an associated bundle to P(F ® £q). Equivalently, Q is a section of a Fred^-bundle over 
the action groupoid T and thus defines an element in the group K 1 ^^). 

Next we study the group ^(T.g). We use the closed cover T x M = (T + x M) U (f_ x M) 
where T± is a closure of T±. Recall that the Dixmier-Douady class trvializes when we cut the 
circle T. Thus, all the twisted K-theory groups of the components of the closed cover and their 
intersection are isomorphic to corresponding ordinary G-equivariant K-theory groups. Therefore, 
there is the following Mayer- Vietoris sequence associated to the action groupoid (see jJOj 3.12.) 

K°{T,g) ^ K%{T+ x M) © Jfg(T_ x M) X°(T +_ x M) . 

bi b 

A" G (f +_ x M) X G (T + x M) © X G (T_ x M) ^ K l (T,g) 
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In twisted K-theory the maps a* are denned by a*(x, y) = (x — y, x — y ® \ G ) where X G is the 
equivariant twisting line bundle. 

The solution of K*(T 1 g) from this sequence is parallel to [TT]. If X G is a nontorsion element in 
H G (M), then there is a group isomorphism 

K*(T,g) ~ K*a l {M)/{K* G -\M) ® (1 - A G )) 

In the general case when X G is nontrivial K*(T,g) is isomorphic to an extension of the group 

{xeK G (M):x = x®\ G } by K G ~ 1 {M)/{K G ~ 1 {M) (g) (1 — X G )). 

In the latter case, one cannot fix the group extension from the Mayer- Vietoris sequence. 

3.7. The hyper cohomology groups iJ fc (r*,Z) are isomorphic to the G-equivariant integer co- 
homology groups because we are working with a groupoid Morita equivalent to an action groupoid. 
We shall use the Cartan model of differential equivariant cohomology to study equivariant super- 
connections associated to the iC 1 -group elements of 3.6. 

Let q denote the Lie algebra of G. If X e g we denote by Xm the vector field induced by the 
action exp(— tX) on M. Denote by l{X m ) ■ A*(M) -> A ,_1 (M) the contraction by X M - Define 

A G W= (SV)®^(M)) G , 

the order q subspace in the space of equivariant polynomial functions g — » A*(M). The order 

zero subspace consists of G-equivariant functions. The equivariant coboundary d G : A G (M) — > 
A£j +1 (M) is defined by 

(d G a){X) = d{a(X)) - i(X M ){a(X)) 

The square d G a(X) = —{d, l(Xm)} • c(X) is equal to zero since a(X) is invariant under the action 
of the one parameter group generated by X. We denote by H G (M,M) the cohomology of this 
complex. 

If V is an invariant connection of an equivariant line bundle X G , then the equivariant curvature 
of V is F(X) = (V — l(Xm)) 2 + C(X) where £(X) is the Lie derivative of the action of G, see 
[3], [TU]. The first Chern class, cf getting values in H G (A1,Z) sends an isomorphism class of 
a G-invariant line bundle to the cohomology class of its equivariant curvature form which is an 
integer class. The tensor product of equivariant line bundles defines a group structure in the set 
of isomorphism classes of G-equivariant line bundles. Then cf an isomorphism of groups. 

Let and Va be G-invariant connections of the bundles £ G and X G . We pullback the projective 
bundle P(F <g> £ G ) to the covering space K x M. Moreover, we pullback the twisted K 1 -theory 
elements Q to K x M. The DD class becomes trivial and therefore, we can lift its transition functions 
to unitary operators. Let us denote by the Hilbert bundle on K x M. Then a connection of 

can be chosen by V = e W \ + Vj. F denotes its curvature. Notice that eo, defined in 2.2., 
counts the charge of the Fock state it acts. We also consider the homotopy t M> \ftQ = Q t for the 
parameter t > 0. We define an equivariant superconnection by D t — xQt + V. The equivariant 
super curvature is defined by 

¥ t (X) = Q 2 t - X [V,Q t ]+F(X) 

for all X £ g. We have introduced a formal symbol \ satisfying x 2 — 1 which anticommutes l(Xm) 
and equivariant forms of odd rank and commutes with Q. We define an equivariant super Chern 
character by 

Q t {X) = sTr(exp(-F t pO)). 

sTr is the supertrace which applies the usual operator trace to the terms linear in x & n d maps to 
zero those which are not. 

Proposition. The following holds for the equivariant superconnection on K x M. 
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(1) The form is closed in the equivariant cohomology: d G O t (X) = 0. 

(2) Its cohomology class is independent of t. 

Proof. (1) If 4> e A* G (T x M) <X> End(F ? ) is such that d G (j) = (d G ■ (f) + 4>d G , then we have 
d G (sTr(<f>)) = sTr[d(3, <fr]. In local coordinates we see that 



Then 



¥ t (X) = Q\- x [d + u, Q t ] + F(X) = Q\- x (d ■ Q t ) + F(X). 

[d G ,¥ t {X)] = [d G ,Ql- X {d-Q t )] 

= [d- t(X M ), Qt] - x {d - l(X m ), (d ■ Q t )} 
= {d-Qi)+ X {i{X M )d)-Qt 
= (d ■ Ql) - X (di(X M )) ■ Qt 
= (d-Q 2 t )=2(d-Q t ) 

where we have used that Q t is an invariant form and therefore {d G , l{Xm)} ■ Qt — 0. It follows 

sTr[d G ,(¥ t (X)) n ]=sTr(n[d G ,¥ t (X)]¥ t (X)) 
= sTr(2n(d-Q t )F t (X) n - 1 ) 

Recall that the supertrace only picks components linear in X - If n > 2 in the above formula, one 
can use the commutation relations to verify that supertrace only picks terms which contain (d-Q t ) k 
for some k > 2. Thus supertrace is identically zero. In the case n = 1 supertrace is zero because 
there are no terms linear in X - 

(2) Following the lines of [Hj it is straightforward to check that the following transgression 
formula holds 

|G,(X)=. os l i (fG«(X)). □ 

We will need the following. 

Proposition. [F x {X),¥ t (X)] = for all X € and t G K. 

Proof. The equivariant curvature forms commute with each other, thus [F\(X), F(X)] = 0. 
Then we apply the local coordinates to obtain 

[F\(X),Q] = [\7l - {V A , l(X)} + C(X), Q t ] 
= [-{d + u x ,t(X)},Q t ] 
= [-{d,i(X)},Q t } - [i(X)(u x ),Qt] - 0. 

where we have used that Q t is G-invariant and therefore the Lie algebra action commutes with Q t 
and l(X) and d are antiderivations and {d Gl l(X)} ■ Q t = 0. Similarly, 

[F x (X), X (d -Q t )} = X \yl, d-Qt]- x[{d + ojx, t(X)}, d-Q t }+ x[C(X),d ■ Q t ] 
= X [{d,i(X)},(d-Q t )]=0 

because Q t is G invariant and so is d ■ Q t = (d + t(X)) ■ Q t and therefore also in the kernel of 

{d,L{X)}. □ 

Consider F(X) as a G-equivariant connection of on R x M. The connection depends on 
the parameter y £ M. since the charge grows under the translations by 2tt. Therefore, we cannot 
push this form to the space Ag dd (T x M) since it would depend on the choice of the angle variable. 
However, since the equivariant curvature F\(X) commutes with Q t (X), we push the form to the 
quotient space 

Ag dd (T x M)/(Q t A F\). 
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Putting everything together we see that for each t £ R + the equivariant super Chern character 
defines a map 

Q t : K\T,g) -> Pg dd (T x M)/(6 t AP A ). 

We use this map to distinguish different group elements in the equivariant twisted K-theory group. 
As usual, we study the limit t — >• oo to simplify the cohomology classes. We choose the supercon- 
nection with the following curvature 

F t (X) = tQ 2 - Vt X (d ■ Q) + F(X) = tQ 2 - y/ixfody + F(X) 

We can proceed as in [11]. The limit is equal to 

lim <d y = 0F(5(e o + y)tr, (e~ F(x) ) A dy, 

where S is the Dirac delta distribution. This form can be pushed down to the quotient space 
cohomology group. 

4 Examples 

4.1. In the first part of this series, [TT], we gave explicit construction for the twisted if ^groups 
on the product manifolds TxM when M = T 2 and S 2 . In both cases, the usual if -theory groups 
can be computed, for example, using the Kunneth formula which leads to 

K^T x S 2 ) ~Z® 2 , if x T 2 ) ~ Z® 4 . 

The twisting line bundles are classified by integers. For A corresponding to =^ k € Z and £ to 
7^ j € Z the twisted if 1 -groups are 

if x (T x M) ~ 1® Z fc . 

The torsion sugroups appear in the twisted theory. In the following we study a phenomenon con- 
trary to this one. 

4.2. We study the real projective space M.P 2n for n 6 N. No group action on KP 2rl is assumed 
here. The second cohomology group is the torsion group Z2. Let us denote by A the nontrivial 
line bundle which is subject to the relation A <g> A = 1. The cohomology groups of T x MP 2 ™ can 
by computed with Kunneth's formula. The third cohomology is 

H 3 (T x RP 2n ) = Z 2 for all n G N. 

There is exactly one nontrivial twisting class a — a ■ f3 where j3 is the class of A in H 2 (RP 2 ) and 
a is the generator of ii 1 (T). 

K-theory groups on IP 2 " are solved in [T] 

K°(RP 2n ) ~ Z©Z 2 n, if^MP 2 ") = 0. 
As an abelian group, K° is generated by 1 and x n and its ring structure is given by 

ar„ = l-[A], xl = 2x n , 2 n x n = 0. (8) 
By Kunneth's formula we have 

iT x (T x RP 2n ) ~ Z® Z 2 „. 

Next we use the results of 3.6. to solve the twisted if 1 -group. The normal subgroup K°(M.P 2n ) (g> 
(1 - A) = if (MP 2 ™) ® x„ is the torsion part Z 2 ™ of K°(RP 2n ) by {|}. Therefore, the cr-twisted 
if 1 -group is given by 

if x (T x MP 2 ",cr) = Z. 
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We observe that the if 1 -theory group of T x MP 2 " has a torsion subgroup for any n £ N and the 
twisting by a kills the torsion subgroup. 

Consider a pullback of the projective bundle of Fock spaces PF^ to K x MP 2 " as in 3.7. Then 
we can lift the transition functions and define a Hilbert bundle on the covering space. Assume 
that £ is a line bundle on MP 2 ". Thus, £ = A or £ = 1, the trivial complex line bundle. Then 
the topological type of the vacuum at the submanifold with = y € K is ether A or 1. The type 
depends on the chosen lift M — > T but is not important. Translations in the direction of positive 
real numbers by one then change this type to 1 or A (respectively) . This continues through the real 
line: the topological type of the vacuum is Zi graded and depends on the choice of integer part of 
the M coordinate. This is the reason for the absence of the torsion subgroup: twisted K 1 -theory 
does not distinguish A from 1 since vacuums of these types are related by a choice of the phase of 
the angle variable over T which is arbitrary. 

Going back to the nontwisted case (i.e. set (3 — 0), we have the Fredholm operator construction 
on K x MP 2 ™ and the kernels are localized over integers but the topological type of this bundle is 
constant in K. Therefore, considered as a family over T x MP 2 ™, the topological type of a vacuum 
line bundle does matter. 

Now suppose that £ is an arbitrary complex vector bundle. We can study the super Chern 
character associated to the local families Q, as in 3.7. with a trivial group action G. Detailed 
calculations can also be found from Section 7 in The curvature form of A vanishes in the de 
Rham cohomology. Then the Chern character gets values in the usual odd de Rham cohomology 
of T x MP 2 ". In fact, according to the analysis in 3.7. the image of the Chern character in the 
limit t — > 00 is equal to the push forward of ,/ir5(eo + y)rk(£) on T x MP 2 ™ and therefore the 
rank of the vacuum bundle determines the twisted i^-class. We conclude that the super Chern 
character is a noninjective group homomorphism X 1 (T x MP 2 ™) — > H odd (T x MP 2 ™) but it is a 
group isomorphism K 1 ^ x MP 2 ", a) -> P odd (T x MP 2 ") for a = a (5. 

4.3. Let T act on S 2 by rotations around the axis of the sphere. We denote by and S 2 
the north and south hemispheres of S 2 such that the intersection S 2 __ is the equator T. Then 
S 2 = U 1S 2 and the cover is T-invariant. The south and north poles are the fixed points of this 
action. The equivariant line bundles are classified by 

J^(S^Z)~Z[v+]©Z[u_|. 

This result is well known and can be solved with the Mayer- Vietoris sequence. u± are the gener- 
ators of the cohomology groups Hj(S±,%): S± are retracted to the fixed point and these groups 
are isomorphic to the T-equivariant cohomology of a point, i.e. P 2 (CP°°,Z) and so under this 
identification u± can be see as generators of H 2 (S 2 ,Z). We also have 

fl|(T x s2 ^) - Ht(S 2 ,Z) 

by Mayer- Vietoris sequence. 

Suppose that At is a T-equivariant complex line bundle over M associated to the class (n + , n_ ) 
in Hj(S 2 ,Z). Then T acts on the fibers over S± through the character exp(iip) i-> exp(in±tp). 

The ordinary equivariant K-theory can be computed using the Mayer- Vietoris sequence 

K°(S 2 ) K°(S 2 + ) © i^(SE) K°(S 2 + _) . 

K\{S 2 + _) K\{S 2 + ) © K\{S 2 _) K\{S 2 ) 

The groups Kj,(SV) and K^S 2 .) are isomorphic to Kj(*) where * is a pole and Kj(*) is isomorphic 
to the representation ring 

R(T) = Z[a,a -1 ]. 

The circle group action on S 2 __ is free. Therefore 

K%(Sl_) ~ K°(T/T) ~ Z and 
K^(S 2 + _) ~ K\T/T) ~ 
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Next we observe that K$(S%) ~ K^{*). Thus, K^{S 2 + ) = and similarly K\{S 2 _) = 0. The 
homomorphisms di, i = 0,1 sends (x, y) to x — y. The group elements in Kj{S\_) are determined 
by an integer, the virtual rank. Thus, 

Kcr(a ) ~ (F(T)®.R(T))/Z, Im(a ) ~ Z and Ker(oi) = 0. 

Since there is no torsion in these groups the K-theory groups are as follows 

F°(S 2 ) ~ (^(^_)/Im( ai )) 8 Ker(a ) ~ (F(T) ® J2(T))/Z 
^|(5 2 ) ~ (F T (S 2 _)/Im(a )) ® Ker(ai) ~ 0. 

The elements in Kj(S 2 ) are the pairs (a;,y) € i?(T)® 2 constrained by the common virtual dimen- 
sion. Topologically any vector bundle over S 2 is a direct summand of line bundles. Therefore, 
K®(S 2 ) is the abelian group generated by the T-equi variant complex line bundles and each gener- 
ator carries a representations (a n + , a n - ) € i?(T)® 2 on its fibres. 

The twisted K 1 -group can be computed from the formulas in 3.6. If At = is an 

equivariant line bundle and the if 1 -group is subject to the twisting of type a ^ f3j and f3j is the 
2-cohomology class which identifies with the equivalence class of At, then we have 

Kl(S 2 ,g) = K°(S 2 )/K°(S 2 ) ® (1 - At). 

Therefore, we observe that the twisted K-group is the abelian group defined by 

K^(S 2 ,g) = K°(S 2 )/{(a n +,a n -) ~ (a n + +l + ,a n -+ 1 -)}. 

We can find explicit groupoid cocycles which determine the T-equivariant gerbes and twisted 
^-classes. Now we replace the closed sets S± with T-invariant open sets which cover the north 
and the south hemispheres and which intersect in a tube around the equator. These sets are still 
denoted by S±. The equivariant complex line bundle corresponding to (a n+ ,a n -) in H 2 (S 2 ) is 
associated to the groupoid cocycle 

ij 

for i,j = +, — and its components are 

h++(exp(i<p),p) = ex.p(in+tp), 

h (cxp(z<p),p) = exp(m_<p), 

(exp(z</?), (a, r)) = exp(in + ip + i(n + — n_)a) and 

h |_(exp(i</j), (a, r)) = exp(m_<p — i(n+ — n_)a) 

where we have denoted by a the angle coordinate and r the height coordinate of the tube around 

the equator S 2 __. The components h ++ and h carry the information of the T-action on the 

fibres. The topological type of this bundle is determined by (1, a) which is a function on the 

equator with winding number equal to (n+ — n_). The cocycle g of the projective Fock bundle is 
straightforward to write down using 3.4. 

Next we set £t to be the line bundle corresponding to the class (a J+ , a J ~). Then we apply the 
superconnection analysis on the covering space R x S 2 to study the dependence of the choice of £t 
in twisted K-theory. We have 

lim Q t (X) = ^5(e + y)dy A (1 - F{X)). 

t— >oo 

Next we push this form to T x M . Let Fj and Fx denote the G-invariant connections. Then the 
three form component is cohomologous to 



y/irdy A Fg 
2ir 



mod 



yhrdy A F A 



A(j+F++j-F-) 



2tt 
mod 
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The equivariant forms i 7 ^ are generators of H 2 (S 2 , Z). Therefore, if £1 and £2 are equivariant line 
bundles associated to the classes (a J *,a Jl ) and (a J ^,a-? 2 ), and At is as above, then the families 
Q acting on and are different elements of Kj(T x S 2 ,g) if and only if 

— j% 7^ mod l + or — 7^ mod l~ . 

It is impossible to distinguish all the different twited _ftT 1 -theory classes in equivariant coho- 
mology. If we apply similar analysis as above for higher rank T-equivariant vector budles £1 and 
£2, the Chern character map is noninjective. Nevertheless, if the ranks of £1 and £2 do not match, 
then the associated K 1 -classes are necessarily different since the one form components of the Chern 
characters are not equal in cohomology. 



Appendix 

A.l. This appendix is motivated by the geometric and group theoretic structures in Hamiltonian 
quantization. In quantum field theory on a unit circle T, one defines a space of potentials A to 
be the afiine space of g-valued one forms on T and g is a Lie algebra of a simple, compact and 
simply connected Lie group G. Then there is a family of Dirac operators acting on L 2 (T) which 
are coupled to the potentials. The gauge symmetry group is chosen to be the group of based gauge 
transformations fiG which is the subgroup in the group of smooth loops LG based at the unit 
7(0) = 1 = j(2tt). The true parameter space of the theory is the quotient A/QG where flG acts 
on A by 

(g,A)^ gAg- 1 +gd{g- 1 ). 

The action makes A — > A/QG a principal bundle with a projection map sending A G A to a 
holonomy around the circle. 

On A/flG which is homeomorphic to G we define a Fock bundle. We set vacuum levels Xi and 
a finite cover f7, of A/SIG so that the the numbers Xi do not belong to the spectrum of the Dirac 
family over Ui. Then, over each Ui one can define a polarization of the Hilbert space into Dirac 
eigenspaces with eigenvalues larger than X4 and its orthogonal complement. There is spectral flow 
and the vacuum cannot be fixed globally. On the overlaps U^ two different vacuums associated 
to different polarizations are related by tensoring with a determinant line bundle. Then the Fock 
bundle is naturally a projective bundle of Fock spaces. Then there is a prolongation problem: can 
we fix the vacuum levels (determinant line bundles) such that the Fock bundle becomes a bundle 
of Hilbert spaces over A/QG. In [5], [13] it was found that the obstruction to do this is the three 
cohomology part of the odd Chern character of the Dirac family over A/SIG. The twisted K-theory 
analysis in the first part of this series [TT] was based on this result. 

The gauge group f2G acts on the fibers of the Fock bundle as a subgroup of LG. The loop 
group acts by an irredcible positive energy representation which is projective. Alternatively, these 
representations are irreducible representations of the central extension LG. The extension cocycles 
arise in the lifted transition functions of the Fock bundle over A/ilG and ruin the Cech cocycle 
conditions. The relationship to the prolongation problem can be described explicitly. Let c G 
H 2 (lg,C) denote the Lie algebra cohomology class of the extension. We can identify the Lie 
algebra elements with the tangent vector fields near the identity and realize c as a differential 
two form near the identity of LG and extend it by left translation through LG. The normalized 
cocycle c/2m defines an integral cohomology class. We choose local sections Si : Ui — » p^ x (Ui) of 
A -4- A/VlG. Let gij denote the OG valued transition functions of the principal bundle A. Then 
Sj = Sigij. We pull back the two forms c on LG to define local 2-forms g*j(c/2iri) on Uij. These 
define the DD class of the gerbe in Cech-de Rham double complex. We find the forms Wi and tr- 
over Ui and Uj so that g^(c/2m) = — ujj. Let f2 be a 3-form over G which is locally defined by 
du!i on Ui. Then fl is a global 3-form which represents the DD-class of the gerbe. Explicitly, 

n = k^rlq^dgf 
24tt 2 yy y ' 

is k times the generator of H 3 (G, Z) if the projective representation of LG has level equal to k, 

mi, na. 
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A. 2. We can view the torus T 3 as a parameter space for a quantum field theory over Tg: we 
replace A by M 3 and fiG by Z 3 . The action is by translations and therefore, K 3 /Z 3 = T 3 . We 
write T 3 = T0 x T 2 . In [TT] we constructed a Hilbert bundle over the 4-torus Tg x T 3 with fibers 
L 2 (Tg). There is a Dirac family over Tg x T 3 coupled to the connection of the bundle Ai M Xk 
where Ai is the line bundle associated to the Chern class i on T 2 . The 3 cohomology component of 
the Chern character of this Dirac family is the cup product a (3 such that a is the generator of 
iJ^ R (T0,Z) and f3 is (2iri)~ 1 times the curvature form of A^. The associated decomposable Cech 
cocycle defines a transition data of the gerbe exactly as in 2.1. 

Here we want to connect the topological prolongation problem to a group extension problem: 
we can define a trivial bundle of Fock spaces on the affine space K 3 and then implement an ex- 
tended Z 3 -symmetry on the fibres by an extension cocycle which defines the cup product class in 
cohomology. In the following we apply the theory of groupoid extensions to make the connection 
between this extension problem and the cohomology class of the gerbe explicit. 

A. 3. We can consider the torus T 3 as a transformation groupoid r := Z 3 x R 3 =t K 3 with the 
usual target and source maps 

t, s : r =4 K 3 , s(a, x) — x, t(a, x) = x + a. 

The composition m : — > T is defined in its domain by (b, x + a) (a, x) = (a + b, x). The action 
is free and therefore the cohomology of this groupoid is just the usual de Rham cohomology of the 
3-torus. 

Next we define a topologically trivial T-extension T := Z 3 x I 3 x T 4 R 3 with p : T — > T 
defined by p(a, x, /i) = (a, x). The target and source maps of the groupoid T are 

s = sop, t = to p. 

The nontriviality of the extension is associated to the cocycle w € H 2 (T^ , T). The cocycle 
condition is 

(d* [u))([c, x + a + b),(b,x + a),(a, x)) = 

which is equivalent to 

cj((&, x + a), (a, x))tu((c, x + a + b), (a + b, x)) — 
co((b + c, x + a), (a, x))u>((c, x + a + 6), (b,x + a)). 

We set x = (xq, X\, x 2 ) and a = (ao, ai, a 2 )- One checks easily that uj : r*- 2 ) — > T defined by 

x + a), (a, x)) = exp(27rifcao62^i)- (9) 

is a cocycle. Then we define a composition in the extension groupoid T by 

(6, x + a, n')(a, x, /i) = (a + b, x, x + a), (a, x))). 

This extensions corresponds to the class k £ Z ~ £f 3 (T*,Z). This will be justified below. 
There are the generators 5i with i = 0, 1,2 in iJ 1 (r*,Z) ~ Z 3 which are given by 

ai(a,x) = ai for all (a,x) g Z 3 x K 3 . 

The cohomology classes of a 3-torus can be all constructed with the cup product. The generator 
of the 3-cohomology is the class 

(<5 2 5i ^ 5o)((c, x + a + b), (b, x + a), (a, x)) = ao&iC2- 

If we choose /? to be the class ka\ ' a 2 , then we can write, by antisymmetry of the generators 

(a — /?)((c, x + a + b), (b, x + a), (a, x)) = ~ka 1 b C2- 
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Next we define a cocycle /' G H 2 (T* , zK) by 

f'((b, x + a), (a, a;)) = 27rifeao^2^i- 

This satisfies ^iS(f') = a j3. It then follows that under the usual isomorphism, a - - (3 maps 
to the cocycle oj £ i? 2 (r',T) defined in 

In the action groupoid formalism there is a globally trivial Z 3 -equivariant projective vector 
bundle over R 3 with a iJ 1 (r*, PU {Ji)) class uniquely determined (in cohomology) by u in ([9|. 
The equivariant bundle is topologically R 3 x VT where VT is the projective Fock space and the 
Z 3 action is defined by 

a > (x, = (x + a, g(a, x)^>) 

for some cocycle g G H l (V , PU T H)) ■ The cocycle condition d*(g) — is equivalent to the 
associativity of the action. If we lift the action to the group U(H) then ui G H 2 (T',T) is risen 
from the relation 

d*(g)— UJ ^ x + a)g(a, xjg{a + b, x)^ 1 = uj((b, x + a), (a, x)) 

where g are the lifted functions -> J7(^). 

We define the cocycle g by (the operators S and N are defined as in 2.1.) 

ff(a, s) = S*" 00 exp(-27rifca 2 a;i) Ar . (10) 

It is straightforward to check that g defines a cohomology class in H 1 (V* , PU_(H)) . The DD class 
of g is given by 

w((&, x + a), (a, a;)) = exp(27rzfcao62a;i) 

This is the class ([9]). If we go to the quotient space T 3 , then the action (10 1 on the fibres defines a 
gerbe of topological type a (3 where f3 is a Cech cohomology class associated to the line bundle 
with Chern class equal to k and a is the Cech generator as in 2.1. 
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